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Abstract. The main aim of this survey paper is to gather together some
results concerning the Calabi type duality discovered by Lee [20] be-
tween certain families of spacelike graphs with constant mean curvature
in Riemannian and Lorentzian homogeneous 3-manifolds with isome-
try group of dimension 4. The duality is conformal and swaps mean
curvature and bundle curvature, and we will revisit it by giving a more
general statement in terms of conformal immersions. This will show
that many features in the theory of surfaces with mean curvature 12 in
H2 ×R or minimal surfaces in the Heisenberg space have nice geomet-
ric interpretations in their dual Lorentzian counterparts. We will briefly
discuss some applications such as gradient estimates for entire minimal
graphs in Heisenberg space [31] and the existence of complete spacelike
surfaces [24], and we will give an uniform treatment to the behavior
of the duality with respect to ambient isometries. Finally, some open
questions are posed in the last section.
1. Introduction
The theory of constant mean curvature surfaces in homogeneous 3-
manifolds has become relatively relevant during the last decades. Al-
though all started in the ambient spaces with constant sectional curva-
ture R3, S3 and H3, then product spaces H2 ×R and S2 ×R were also
considered, and soon afterwards the Heisenberg space Nil3, the Berger
spheres S3Berger, and S˜l2(R) (the universal cover of the special linear group
equipped with some distinguished left-invariant metrics) came into scene.
All these 3-manifolds, except for H3, lie in a 2-parameter family E(κ, τ)
with the property that they admit a Killing submersion with constant bun-
dle curvature τ over the simply connected surface with constant curva-
ture κ (see definitions in Section 2.1). Abresch and Rosenberg’s discovery
of a geometric quadratic differential which is holomorphic on constant
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mean curvature surfaces [1], together with the Lawson type correspon-
dence found by Daniel [8], and the solution to the Bernstein problem in
Heisenberg space given by Fernández and Mira [14] encouraged many ge-
ometers to work on this theory. We refer the reader to the introductory
lecture notes written by Daniel, Hauswirth and Mira [12].
It is worth pointing out that the spaces E(κ, τ), κ − 4τ2 6= 0, model
all simply connected 3-manifolds with isometry group of dimension 4,
but recently an increasing attention has been paid to the family of all
simply connected homogeneous 3-manifolds, consisting essentially of Lie
groups with arbitrary left-invariant metrics. A sample of this is the recent
classification of spheres with constant mean curvature in such Lie groups
by Meeks, Mira, Pérez and Ros [33]. It would be interesting to know
whether or not the ideas we will discuss below can be extended to the
Lie-group setting.
The spaces E(κ, τ) have Lorentzian counterparts L(κ, τ) also admitting
a Killing-submersion structure over M2(κ) with constant bundle curva-
ture τ, but in such a way that the Killing direction is timelike whereas
the horizontal distribution is spacelike. Calabi stated in [5] an interest-
ing duality between minimal graphs in Euclidean space R3 = E(0, 0) and
maximal graphs in Lorentz-Minkowski space L3 = L(0, 0), based on a
clever trick using Poincaré’s Lemma. Although this duality is often called
Calabi duality, it seems that similar ideas had been already considered by
other authors, see for instance the work of Catalan [6] more than one cen-
tury before. Calabi’s duality has a natural interpretation in terms of null
curves and holomorphic Weierstrass data (e.g., see [28] where the duality
has been used to study conical singularities of maximal surfaces in L3).
Later on, Calabi’s work was generalized to a correspondence between
minimal graphs in S2 ×R = E(1, 0) and maximal graphs in S2 ×R1 =
L(1, 0) by Albujer and Alías [3], and to a correspondence between constant
mean curvature H graphs in E(κ, τ) and spacelike graphs with constant
mean curvature τ in L(κ, H) by Lee [20]. In Theorem 2.1 we will rewrite
Lee’s result in the more general language of conformal immersions by
allowing the surfaces to be multigraphs rather than graphs. In order to
get to this result, we will employ the classification of Killing submersions
in [29], though the same statement can also be achieved by means of an-
alytic continuation. The rest of Section 2 will be devoted to review other
well-known properties of the duality, as well as to recover its explicit ex-
pression in coordinates as a first-order pde system, where one can see that
the mean curvature equations become the integrability conditions of the
system. Although we will give some examples, more of them can be found
in [18, 20].
In Section 3, we will revisit some results in [24] showing that the space
L(κ, τ) does not admit complete spacelike surfaces if κ + 4τ2 > 0, and we
will provide three proofs of this result of different nature. We will also
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consider dual-complete surfaces rather than complete ones, which is noth-
ing but assuming that the dual surface is complete in E(κ, H). We will use
well-known results in the Riemannian setting to give a fairly complete clas-
sification of dual-complete spacelike surfaces in L(κ, τ), see also [12, 32].
This will grant the opportunity to connect the duality with the theory of
constant mean curvature surfaces in E(κ, τ), and we will discuss the rela-
tion between the duality and Daniel correspondence [8], see Remark 3.6.
Critical mean curvature surfaces in E(κ, τ)-spaces are those whose dual
surfaces live in constant sectional curvature spaces (i.e., in the Lorentz-
Minkowski space L3 = L(0, 0) or in the anti-de Sitter space H31(κ) =
L(κ, 12
√−κ)), that is to say those whose mean curvature H satisfies the
relation 4H2 + κ = 0. This gives an outstanding interpretation of why
surfaces with critical mean curvature have features that the rest of constant
mean curvature surfaces fail to enjoy:
• The hyperbolic Gauss map for mean curvature 12 surfaces in H2 ×
R discovered by Fernández and Mira [14]), the left-invariant Gauss
map for minimal surfaces in Nil3(τ) given by Daniel [9], and the
rest of harmonic Gauss maps for critical mean curvature surfaces,
see [10], correspond to the classical (hyperbolic) Gauss map of sur-
faces in L3 and H31(κ), see also [21].
• The Abresch-Rosenberg differential of surfaces with critical mean
curvature, which is associated with the harmonic Gauss maps, cor-
responds to the classical Hopf differential in L3 and H31(κ).
In section 4, we will discuss an application in the other direction by em-
ploying a Lorentzian property (an estimate for entire graphs in L3 proved
by Cheng and Yau) to get some gradient estimates for entire minimal
graphs in Nil3(τ). This result is part of [31], though we will use it here
to prove also that entire graphs with positive mean curvature in L3 have
infinite area.
Some other properties will be analized in Section 5. First, we will give
a general new result for understanding the behaviour of the duality with
respect to isometries, generalizing [20]. Basically we will prove that direct
isometries preserving the unit Killing vector field behave well with respect
to the duality, in the sense that they correspond to other isometries in the
dual setting also preserving the Killing vector field. Such isometries rep-
resent a 4-parameter subgroup of isometries of E(κ, τ) or L(κ, τ), which
is generically the total dimension of the isometry group. Nonetheless, in
the cases the correspondence involves an space form, there are 2 extra di-
mensions in the isometry. Again this applies to the case of critical mean
curvature, providing geometric 2-parameter deformations (not by ambient
isometries) in the following families of surfaces:
(1) Surfaces in E(κ, τ) with critical constant mean curvature H, i.e.,
such that κ + 4H2 = 0.
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(2) Surfaces in L(κ, τ) with critical constant mean curvature H, i.e.,
such that κ − 4H2 = 0.
Note that the change of sign in the conditions κ+ 4H2 = 0 and κ− 4H2 = 0
is not a mistake, and comes from the fact that space forms satisfy κ− 4τ2 =
0 in the Riemannian case, and κ + 4τ2 = 0 in the Lorentzian case (see
Section 2.1 and the comments below Proposition 5.1).
In the last section, we will leave three open original questions whose
solutions could improve the understanding of the correspondence in the
opinion of the author. We also refer to [12] for a list of open conjectures in
E(κ, τ)-spaces, though some of them have been already solved since the
document was published in 2009.
2. A conformal duality
2.1. The spaces E(κ, τ) and L(κ, τ). Let τ ∈ C∞(M) be a smooth function
on a simply connected orientable Riemannian surface M. From [29], we
get that there is a unique Riemannian submersion pi : E→ M such that
(1) E is a simply connected orientable Riemannian 3-manifold,
(2) the fibers of pi are the integral curves of a unit Killing vector field
ξ ∈ X(E), and
(3) ∇Xξ = (τ ◦ pi)X × ξ, for all X ∈ X(E), where ∇ denotes the Levi-
Civita connection in E and × stands for the cross product.
Such a Riemannian submersion is called a unit Killing submersion with bun-
dle curvature τ over M (this result also holds in the more general non-
simply connected and non-unitary case, see [26]). Similar arguments to
those in [29] lead to the existence and uniqueness of a Riemannian submer-
sion pi : L → M fulfilling items 1–3 above, and such that L is Lorentzian
and ξ ∈ X(L) is timelike.
Let us assume that pi : E → M is a (Riemannian or Lorentzian) Killing
submersion over M with bundle curvature τ, and whose fibers have infi-
nite length. Given an open set Ω ⊂ M and a smooth section F0 : Ω → E
(the existence of F0 is guaranteed since the fibers have infinite length,
see [26, 29]), any section of pi over Ω can be parameterized in terms of
a function u : Ω→ R as
Fu : Ω→ E, Fu(p) = φu(p)(F0(p)), (2.1)
where {φt : t ∈ R} is the 1-parameter group of isometries associated with
ξ, the so-called vertical translations. Such a section Fu is usually called a
Killing (or vertical) graph over Ω.
Let d be the signed Killing distance to F0 determined unambiguously
by the relation φd(p)(F0(p)) = p for all p ∈ E, and consider the projection
of its gradient Z = pi∗(∇d) ∈ X(M). Given u ∈ C2(Ω), we define the
generalized gradient of u as the vector field
Gu = ∇u− eZ ∈ X(M), (2.2)
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where we will take e = 1 or e = −1 depending on whether E is Rie-
mannian or Lorentzian, respectively. It is easy to check that Fu defines a
spacelike surface (i.e., the induced metric in Fu is positive definite) if and
only if
1 + e‖Gu‖2 > 0, (2.3)
in which case the mean curvature of Fu can be computed (as a function on
Ω) as
H =
1
2
div
(
Gu√
1 + e‖Gu‖2
)
, (2.4)
where the divergence, gradient and norm are computed in the geometry of
M. Although there is no explicit dependence upon the bundle curvature
in (2.2) or (2.4), it is encoded in the vector field Z in the sense that
div(JZ) = −2τ, (2.5)
where J is the pi2 -rotation in the tangent bundle TM, see [26, Lemma 3.2].
In the duality below, we will essentially exploit the fact that both H and τ
admit the divergence type expressions (2.4) and (2.5).
Killing submersions give a good framework for studying simply con-
nected homogeneous Riemannian or Lorentzian 3-manifolds with isome-
try group of dimension 4. These 3-manifolds are classified in two families
E(κ, τ) and L(κ, τ), where E(κ, τ) (resp. L(κ, τ)) stands for the total space
of the unique Riemannian (resp. Lorentzian) Killing submersion with con-
stant bundle curvature τ overM2(κ), the simply connected surface of con-
stant curvature κ. For each particular choice of (κ, τ) we get the following
spaces (we use an index 1 to distinguish the Lorentzian case):
κ < 0 κ = 0 κ > 0
τ = 0 H2(κ)×R R3 S2(κ)×R
H2(κ)×R1 L3 S2(κ)×R1
τ 6= 0 S˜l2(R)(κ, τ) Nil3(τ) S3Berger(κ, τ)
S˜l
1
2(R)(κ, τ) Nil
1
3(τ) S
3,1
Berger(κ, τ)
There are some space forms hidden in this table, whose isometry group
has dimension 6, namely the Riemannian R3 and S3(κ) show up in the
family E(κ, τ) with κ− 4τ2 = 0, whereas the Lorentz-Minkowski space L3
and the anti-de Sitter space H31(κ) are L(κ, τ)-spaces with κ+ 4τ
2 = 0. We
remark that the hyperbolic space H3(κ) or the de-Sitter space S31(κ) do not
admit unit Killing vector fields.
2.2. An extended conformal duality. In the previous section, a graph in
a Riemannian or Lorentzian Killing submersion pi : E → M has been
defined as a smooth section of pi, i.e., a surface Σ in E such that pi|Σ :
Σ → M is a diffeomorphism onto its image, and in particular a graph is
transversal to the vertical Killing vector field ξ. The graph is said entire
if pi|Σ is also surjective. In the Riemannian case, these conditions can be
weakened to any of the following three equivalent conditions:
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i. pi|Σ is a local diffeomorphism,
ii. Σ is nowhere vertical, i.e., everywhere transversal to ξ,
iii. the angle function ν = 〈N, ξ〉 has no zeroes, where N is a unit
normal to Σ.
If any of these properties hold, the surface Σ is usually called a vertical
(spacelike) multigraph. In the Lorentzian case, spacelike surfaces are auto-
matically transversal to the Killing direction, so multigraphs turn out to
be natural objects in the Lorentzian setting.
As pointed out in the introduction our version of the duality assumes
that the surfaces are multigraphs rather than graphs, which generalizes
the strictly graphical duality given by Lee [20] in the case κ ≤ 0, and by
Albujer and Alías [3] in the case of S2 × R. Although we will assume
simple connectedness in the statement, it can be applied to any conformal
immersion by considering the universal cover of the Riemann surface we
are working with.
Theorem 2.1. Let Σ be a simply connected Riemann surface, and let κ, τ, H ∈ R.
There is a correspondence between
(a) Conformal immersions X : Σ → E(κ, τ) with constant mean curvature
H and nowhere vertical.
(b) Conformal spacelike immersions X˜ : Σ → L(κ, H) with constant mean
curvature τ.
The corresponding immersions X and X˜ are determined up to a vertical transla-
tion and satisfy pi ◦ X = pi ◦ X˜.
Proof. Let X : Σ → E(κ, τ) be a conformal immersion with constant mean
curvature H. Since X is nowhere vertical, the map pi ◦ X is a local dif-
feomorphism and we can consider the Riemannian surface M defined as
Σ endowed with the pullback of the metric of M2(κ) by pi ◦ X. As M is
simply connected, there are unique Killing submersions pi′ : E → M and
pi′ : L → M, where pi′ is Riemannian and pi′ is lorentzian) with constant
bundle curvatures τ and H, respectively, and such that E and L are simply
connected.
Note that E and L are locally isometric to E(κ, τ) and L(κ, H), respec-
tively. More explicitly, since pi ◦ X : M → M2(κ) is a local isometry, then
it lifts to local isometries Ψ : E → E(κ, τ) and Ψ˜ : L → L(κ, H) such that
the following diagram commutes:
E M L
E(κ, τ) M2(κ) L(κ, H)
pi′ pi′
Ψ˜
pi
Ψ pi◦X
pi
Furthermore, the image of X lies in the image of Ψ, so the immersion
Ψ−1 ◦ X : Σ→ E is well defined, and it is not only a conformal immersion
in E with constant mean curvature τ but also an entire graph over M.
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Note that fibers of pi′ have infinite length, since otherwise pi′ would be
the Hopf fibration, which does not admit global sections (this excludes the
case Σ is a sphere and τ 6= 0, see the comments below).
Let F0 : M → E be a global section of pi′, which exists by [26, Proposi-
tion 3.3]. Then there is a function u such that Ψ−1 ◦X can be parameterized
as Fu : M → E where Fu(p) = φu(p)(F0(p)) and {φt : t ∈ R} stands for
the 1-parameter group of isometries associated to the vertical Killing vec-
tor field in E. The fact that Fu has constant mean curvature H can be
expressed as
div
(
Gu√
1 + ‖Gu‖2
)
= 2H, (2.6)
where Gu = ∇u− Z, and Z = pi′∗(∇d) ∈ X(M) satisfies div(JZ) = −2τ.
Let pi′ : L → M be the unique Lorentzian Killing submersion over
M with constant bundle curvature H such that L is simply connected.
Given an initial global section F˜0 : M → L and the signed distance d˜, the
vector field Z˜ = pi′∗(∇d˜) ∈ X(M) satisfies div(JZ˜) = −2H. Hence we can
rewrite (2.6) as
div
(
Gu√
1 + ‖Gu‖2 + JZ˜
)
= 0, (2.7)
The fact that M is simply connected together with Poincaré’s Lemma tell
us that the term inside the divergence in (2.7) equals −J∇v for some v ∈
C∞(M). Setting G˜v = ∇v + Z˜, we reach
Gu√
1 + ‖Gu‖2 = −JG˜v ⇐⇒
G˜v√
1− ‖G˜v‖2
= JGu (2.8)
Observe that, in order to check the equivalence in (2.8), we can take
squared norms in the first expression to obtain ‖G˜v‖ < 1 (which implies
that the entire graph F˜v : M → L given by F˜v(p) = φ˜v(p)(F˜0(p)) is space-
like, see (2.3)), and the identity 1 + ‖Gu‖2 = (1− ‖G˜v‖2)−1. From here it
is easy to prove (2.8).
Applying now the divergence operator, we get that
div
 G˜v√
1− ‖G˜v‖2
 = div(JGu) = div(J∇u)− div(JZ) = 2τ, (2.9)
i.e., F˜v has constant mean curvature τ in L.
The diffeomorphism T : Fu(M) → F˜v(M) determined by the relation
pi′ ◦ T = pi′ is conformal (the proof of this property will be postponed to
Section 2.3 since it follows from the same argument as in [20, 24] in local
coordinates). Hence, it suffices to define X˜ = Ψ˜ ◦ T ◦ Ψ−1 ◦ X, which is
conformal as the composition of conformal maps, and trivially satisfies
pi ◦ X = pi ◦ X˜.
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The way back from a constant mean curvature τ spacelike graph in
L(κ, H) is a consequence of a completely analogous argument, so it will
be skipped. 
Remark 2.2.
(1) The conformal immersion X is a graph if and only if X˜ is a graph,
in which case the domains of both graphs in M2(κ) coincide. This
case will be analyzed in detail in Section 2.3.
(2) The duality is determined unambiguously by (2.8) up to a vertical
translation, which implies it is one-to-one up to vertical transla-
tions. The analytic reason is that, when Poincaré’s Lemma is ap-
plied, the function we introduce is determined up to an additive
constant.
(3) In the case Σ is a sphere, since the angle functions of the immer-
sions are positive continuous functions, they must be bounded be-
tween two positive constants. Therefore pi restricts to the surface
as a covering map, which has to be one-to one because Σ is sim-
ply connected. We deduce that M2(κ) must be also a sphere, i.e.,
κ > 0. The bundle curvature must be zero, for were it not the
case, the Killing submersion would be topologically the Hopf fi-
bration, which does not admit global sections and we would get
a contradiction. Moreover, integrating the divergence equation for
the mean curvature we get that H = 0, so this case only leads
to horizontal slices S2(κ)× {t0}, which are dual in S2(κ)×R and
S2(κ)×R1.
(4) In [24] a much more general graphical duality is obtained, where
H and τ are assumed arbitrary over an arbitrary simply connected
non-compact base surface. Nonetheless, there is no direct exten-
sion of Theorem 2.1 to this general setting, due to the fact that the
proof of Theorem 2.1 is implicitly assuming that the multigraph
has the same mean curvature at points lying in the same vertical
fiber, which is not a natural assumption in the prescribed mean
curvature scenario.
2.3. The duality in coordinates. We will apply now Theorem 2.1 to the
case the surfaces are graphs, introducing the standard models of E(κ, τ)
and L(κ, τ) in order to recover the explicit equations defining the duality
given by Lee [20]. Let κ ∈ R, and consider the function
λκ(x, y) =
(
1 + κ4 (x
2 + y2)
)−1
,
defined on the open set Ωκ = {(x, y) ∈ R2 : 1 + κ4 (x2 + y2) > 0}, which
is a disk for κ < 0 and the whole plane otherwise. The conformal metric
λ2k(dx
2 + dy2) has constant curvature κ, and it is (locally) isometric to
M2(κ). We get the well known rotationally invariant models
E(κ, τ) =
(
Ωκ ×R,λ2k(dx2 + dy2) + (dz + τλk(y dx− x dy))2
)
,
L(κ, τ) =
(
Ωκ ×R,λ2k(dx2 + dy2)− (dz− τλk(y dx− x dy))2
)
,
(2.10)
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on which the Killing submersion takes the form (x, y, z) 7→ (x, y), and ∂z
is the unit vertical Killing vector field. It is necessary to point out that this
model omits a point in the base M2(κ) when κ > 0, and hence a whole
fiber in E(κ, τ) or L(κ, τ). In the proof of Theorem 2.1 this issue did not
appear since we were working from a coordinate-free point of view.
The global section F0(x, y) = (x, y, 0) allows us to parameterize the
graph Fu of a function u ∈ C∞(Ω) on an open subset Ω ⊂ Ωκ as usual:
Fu(x, y) = (x, y, u(x, y)).
If Ω is open and simply connected, and we consider dual graphs Fu in
E(κ, τ) and Fv in L(κ, H), the generalized gradients Gu of Fu and G˜v of Fv
can be expressed in coordinates as
Gu = α
∂x
λκ
+ β
∂y
λκ
, where
{
α = uxλκ + τy,
β =
uy
λκ
− τx,
G˜v = α˜
∂x
λκ
+ β˜
∂y
λκ
, where
{
α˜ = vxλκ − τy,
β˜ =
vy
λκ
+ τx.
In order to simplify the notation, in the sequel we shall also consider
ω =
√
1 + α2 + β2, ω˜ =
√
1− α˜2 − β˜2.
Then the first identity in (2.8) yields an explicit pde system which allows
us to solve for u in terms of v:
α =
β˜
ω˜
⇔ ux = vy + Hxλk√
1 + ( vxλk − Hy)2 + (
vy
λk
+ Hx)2
− τyλk,
β =
−α˜
ω˜
⇔ uy = −vx + Hyλk√
1 + ( vxλk − Hy)2 + (
vy
λk
+ Hx)2
+ τxλk.
Likewise, the second identity in (2.8) gives the pde system:
α˜ =
−β
ω
⇔ vx = −uy + τxλk√
1 + ( uxλk + τy)
2 + (
uy
λk
− τx)2
+ Hyλk,
β˜ =
α
ω
⇔ vy = ux + τyλk√
1 + ( uxλk + τy)
2 + (
uy
λk
− τx)2
− Hxλk.
These four equations are the so-called twin relations, and allow us to solve
for u (resp. v) when v (resp. u) is known. The constant mean curvature
equations for Fu and Fv can be regarded as the integrability conditions for
the twin relations. Also from the twin relations we get the quite useful
formula
ω · ω˜ = 1. (2.11)
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On the other hand, we can define global references {e1, e2} tangent to
Fu and {e˜1, e˜2} tangent to Fv (not necessarily orthogonal) as
e1 =
∂x + ux∂z
λκ
, e˜1 =
∂y + vy∂z
λκ
,
e2 =
∂x + vx∂z
λκ
, e˜2 =
∂y + vy∂z
λκ
.
(2.12)
Using (2.10) it is easy to check that the first fundamental forms I of Fu and
I˜ of Fv can be expressed in these references as the matrices
I ≡
(
1 + α2 αβ
αβ 1 + β2
)
, I˜ ≡
(
1− α˜2 −α˜β˜
−α˜β˜ 1− β˜2
)
. (2.13)
From the twin relations we infer that the two matrices in Equation (2.13)
satisfy I˜ = ω−2I. Since the global diffeomorphism T : Fu(Ω) → Fv(Ω)
given in the proof of Theorem 2.1 reads T(x, y, u(x, y)) = (x, y, v(x, y)) for
all (x, y) ∈ Ω, it follows that T∗ei = e˜i for i ∈ {1, 2}, so T is conformal (this
was was the missing bit in the proof of Theorem 2.1).
Let N and N˜ be upward pointing unit vectors to Fu and Fv, respec-
tively. Their horizontal parts satisfy the following identities (see [26, Equa-
tion 3.3]):
pi∗N =
Gu√
1 + |Gu|2 , pi∗N˜ =
G˜v√
1− |G˜v|2
. (2.14)
Since N and N˜ are unitary, their vertical components (also called angle
functions of the immersions X and X˜, respectively), are given by
ν = 〈N, ∂z〉 = 1√
1 + |Gu|2 =
1
ω
,
ν˜ = 〈N˜, ∂z〉 = 1√
1− |G˜v|2
=
1
ω˜
.
(2.15)
From (2.11) and (2.15), we deduce that dual conformal immersions have
reciprocal angle functions. Note that the angle function ν (resp. ν˜) is
the cosine (resp. hyperbolic cosine) of the angle between the upward-
pointing normal and the Killing vector field, so it satisfies 0 < ν ≤ 1 (resp.
1 ≤ ν˜ < ∞).
As a conclusion to this section, we will give several examples, though
we will not include the computations, which should be easy to deduce
from the twin relations. Further examples can be found in [18, 20].
Example 2.3. Let us consider the function v(x, y) = 0, which defines a
zero mean curvature graph in L(κ, H) but fails to be spacelike over the
whole base surface M2(κ) when κ + 4H2 > 0. The spacelike condition
only holds in a disk centered at (0, 0) ∈ M2(κ). The dual surface Fu is
half of the rotationally invariant sphere with constant mean curvature H
in E(κ, τ).
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The value of H (if it exists) such that κ + 4H2 = 0 is called the critical
mean curvature in E(κ, τ). Note that constant mean curvature spheres
only exist when the mean curvature is supercritical (i.e., κ+ 4H2 > 0) and
the duality provides a nice way to obtain explicit expressions for them.
Example 2.4. Let us consider a constant mean curvature H graph in R3
which is rotationally invariant about the x-axis, i.e, a graph of a function
u of the form u(x, y) =
√
r(x)2 − y2 for some r ∈ C∞(I) on an interval
I ⊆ R (a piece of a Delaunay surface). The dual maximal surface Fv in
Nil3(H) is of the form v(x, y) = y f (x) for some function f ∈ C∞(I) (in
particular, Fv is a surface ruled by Euclidean lines). Quite surprisingly, as
in the above case of spheres, v(x, y) still defines a graph with zero mean
curvature outside the domain of u.
Example 2.5. Let us consider now a constant mean curvature H spacelike
graph in L3 which is invariant under hyperbolic rotations about the x-
axis, i.e, a graph of a function v of the form v(x, y) =
√
r(x)2 + y2 for
some r ∈ C∞(I) on an interval I ⊆ R. These examples were studied by
Daniel in [9], and include the surfaces parameterized by
(x, y) 7→
(
x, y,
√
H−2 + x2 + y2
)
(x, y) 7→
(
x, y,
√
(2H)−2 + y2
)
(x, y) 7→ 1H
(
x− 12 coth(x), 12 coth(x) sinh(y), 12 coth(x) cosh(y)
)
The first one is a totally umbilical paraboloid, the second one is a hyper-
bolic cylinder, and the last one is known as the semithrough. The dual
minimal surfaces in Nil3(H) are of the form u(x, y) = y f (x) for some
function f ∈ C∞(I), including the plane u(x, y) = 0 and the invariant
surface u(x, y) = Hxy.
3. Existence of complete spacelike surfaces
In this section, we will discuss how the conformal theories of constant
mean curvature multigraphs in E(κ, τ) and L(κ, τ) agree via the duality.
We will begin by studying the relation between being complete and being
an entire graph, essentially following the ideas in [24].
Lemma 3.1. Let pi : L → M be a Lorentzian Killing submersion and let Σ be a
complete spacelike surface immersed in L. If M is simply connected, then Σ is an
entire graph.
Proof. The projection pi|Σ : Σ → M is a distance non-decreasing local dif-
feomorphism, and hence a covering map by [19, Lemma 8.1, Ch. VIII]. If
M is simply connected, then pi|Σ must be one-to-one, i.e., Σ must be an
entire graph. 
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Remark 3.2. The converse is not true, since there are non-complete entire
spacelike graphs in L(κ, τ) with any constant mean curvature H ≥ 0 pro-
vided that κ + 4τ2 < 0. Such graphs can be found among the surfaces
invariant under a 1-parameter group of isometries, as shown in the case
(κ, τ, H) = (−1, 0, 0) by Albujer [2] (the same technique works in the gen-
eral case).
This gives an idea of the fact that the behavior of spacelike constant
mean curvature surfaces inL(κ, τ) strongly depends on the sign of κ+ 4τ2,
in a similar fashion as it depends on κ + 4H2 in the Riemannian case.
Next result shows that the theory of complete spacelike surfaces is not
interesting when the bundle curvature is supercritical. Note that there is
no assumption on the mean curvature of the surface. We will give three
different proofs of this result.
Theorem 3.3. If κ + 4τ2 > 0 and κ ≤ 0, then there are no complete spacelike
surfaces or entire spacelike graphs in L(κ, τ).
First proof. This proof relies on the duality, as well as on a classical trick
due to Heinz [16]. In order to apply Theorem 2.1, we will assume the mean
curvature is constant, though the same argument applies in the general
case, see [24]. We will assume that Σ ⊂ L(κ, τ) is an entire graph with
constant mean curvature H, and reach a contradiction, which will prove
the statement in view of Lemma 3.1.
The dual graph Fu in E(κ, H) has constant mean curvature τ. Given a
bounded domain Ω ⊂ M2(κ) with regular boundary, we can employ the
mean curvature equation and the divergence theorem to estimate
2τArea(Ω) =
∫
Ω
div
(
Gu√
1 + ‖Gu‖2
)
=
∫
∂Ω
〈Gu, η〉√
1 + ‖Gu‖2 ≤ Length(∂Ω),
(3.1)
where η is a unit outer conormal vector field to Ω along its boundary, and
we have used Cauchy-Schwartz inequality. Taking the infimum in (3.1)
over Ω we get that
2τ ≤ inf
{
Length(∂Ω)
Area(Ω)
: Ω ⊂M2(κ) bounded and regular
}
. (3.2)
The lhs in (3.2) is the so-called Cheeger constant of M2(κ), which is
known to be zero if κ ≥ 0, and 12
√−κ if κ ≤ 0. Therefore, Equation (3.2)
yields κ + 4τ2 ≤ 0 if κ ≤ 0, so we are done. 
Second proof. Now we will give a direct argument using the divergence
equation for τ. If Σ is an entire spacelike graph in L(κ, τ), parameter-
ized as Fv for some v ∈ C∞(M2(κ)), then the vertical fibers have infinite
length and the generalized gradient satisfies div(JGv) = div(J∇v + JZ) =
div(JZ) = −2τ, and the spacelike property reads ‖Gv‖ ≤ 1. If Ω ⊂M2(κ)
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is a bounded domain with regular boundary, we can estimate
2τArea(Ω) =
∫
Ω
div(−Gv) =
∫
∂Ω
〈−Gv, η〉 ≤ Length(∂Ω),
where we have used the Cauchy-Schwartz inequality, and η denotes a unit
outer conormal vector field toΩ along its boundary. Then we can conclude
with a similar argument as in the first proof. 
Third proof. Let us consider the circle in the z = 0 plane given by
γ : R→ L(κ, τ), γ(t) = (r cos(t), r sin(t), 0).
From the assumption κ + 4τ2 > 0, it is easy to check that γ is a closed
timelike curve for some values of r ∈ (0, 2√−κ ) if κ < 0, or r ∈ (0,∞) if
κ = 0. This means that L(κ, τ) is not a causal spacetime, and in particular
it is not distinguishing, so it does not admit complete spacelike surfaces
(more information about these definitions and the fact that distinguishing
spacetimes admit a Killing submersion structure and complete spacelike
surfaces can be found in [17]). 
In the rest of this section, we will substitute completeness with a weaker
condition in order to apply Riemannian results. However we will require
that the mean curvature is constant.
Definition 3.4. A spacelike conformal immersion X˜ : Σ → L(κ, τ) with
constant mean curvature H is said to be dual-complete when the dual
immersion X : Σ→ E(κ, H) is complete.
Denote by g and g˜ the Riemannian metrics in Σ that make X and X˜ iso-
metric, respectively. Then Equations (2.13) and (2.15) yields the conformal
relation g = ν˜2 g˜, where ν˜ stands for the angle function of X˜. Since ν˜ ≥ 1,
we deduce that any complete spacelike immersion is dual-complete.
Theorem 3.5. Let X˜ : Σ → L(κ, τ) be a dual-complete spacelike conformal
immersion with constant mean curvature. Then either X˜(Σ) is a horizontal slice
in S2(κ)×R1 or κ + 4τ2 ≤ 0.
(1) If κ + 4τ2 < 0, then X˜(Σ) is graph over a simply connected domain
bounded by disjoint curves with constant curvature ±2τ in H2(κ).
(2) If κ + 4τ2 = 0, then X˜(Σ) is complete, and hence an entire graph.
In particular, Σ is simply connected.
Proof. Let us consider the dual graph X : Σ → E(κ, H), where H is the
mean curvature of X˜. Since X defines a complete surface with mean cur-
vature τ, and it is stable since it is nowhere vertical, the arguments in the
proof of [30, Theorem 3.1] show that X is either a horizontal slice in S2×R
or κ + 4τ2 ≤ 0.
If κ+ 4τ2 = 0, then the X has critical mean curvature and hence X(Σ) is
an entire graph (this was proved by Hauswirth, Rosenberg and Spruck [15]
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for mean curvature 12 surfaces in H
2 ×R, by Daniel and Hauswirth [11]
for minimal ones in the Heisenberg space, and it extends to the rest of
cases by means of the Daniel correspondence, see [12]). The proof that
it is complete can be found in [12, Theorem 4.6.2]. If κ + 4τ2 < 0, then
X has subcritical constant mean curvature and it must be a graph over
a domain Ω ⊂ H2(κ) bounded by a (possibly empty) family of disjoint
curves with constant curvature ±2τ (the sign depends on whether the
function defining the graph goes to +∞ or −∞), see [32]. 
Observe that this result is sharp, in the sense that there are many entire
graphs with any constant mean curvature when κ + 4τ2 = 0. If κ =
τ = H = 0, then we only get affine planes in L3 due to the well-known
Calabi-Bernstein theorem [5], but in the rest of cases the results of Wan
and Au [39, 40] can be used to show that the moduli space of entire graphs
with constant mean curvature H (up to ambient isometries) is in one-to-
one correspondence with the space of holomorphic quadratic differentials
in the complex plane (parabolic case) or the unit disk (hyperbolic case),
with the exception that the differential must be non-zero in the parabolic
case. This correspondence is given by the Hopf differential, and was the
key step in Fernández and Mira’s solution to the Bernstein problem in
Nil3(τ) [14].
In the case κ + 4τ2 < 0, the family of weak-complete graphs is richer.
On the one hand, there are plenty of entire graphs with constant mean
curvature (for instance, Nelli and Rosenberg [34] constructed entire min-
imal graphs in H2 × R with arbitrary continuous asymptotic values in
the ideal boundary, whose duals are entire spacelike maximal graphs in
H2 ×R1), though completeness is not waranteed, see Remark 3.2. On the
other hand, ideal Scherk graphs with constant mean curvature 0 ≤ H < 12
in H2 ×R and S˜l2(R) constructed as solutions to certain Jenkins-Serrin
problems produce dual graph exhibiting the features in item 1 of Theo-
rem 3.5. These ideal Scherk graphs are conformally the plane, see [31].
Remark 3.6. It is also worth mentioning here relation with Daniel’s isomet-
ric correspondence for surfaces in E(κ, τ)-spaces [8]. Given κ1, τ1, H1 ∈ R,
consider new parameters κ2, τ2, H2 ∈ R such that
κ1 − 4τ21 = κ2 − 4τ22 , τ21 + H21 = τ22 + H22 .
Given a simply connected Riemannian surface Σ, there is an correspon-
dence between isometric immersions of Σ with constant mean curvature
H1 in E(κ1, τ1) and isometric immersions of Σ with constant mean curva-
ture H2 in E(κ2, τ2).
Since Daniel correspondence preserves the angle function, it also pre-
serves locally the graphical condition (not globally in general), so we can
connect both correspondences and get that there is a correspondence be-
tween four families of conformal immersions of a simply-connected Rie-
mann surface Σ:
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(a) Conformal immersions X : Σ → E(κ1, τ1) with constant mean cur-
vature H1 and nowhere vertical.
(b) Conformal immersions X′ : Σ → E(κ2, τ2) with constant mean
curvature H2 and nowhere vertical.
(c) Conformal spacelime immersions X˜ : Σ→ L(κ1, H1) with constant
mean curvature H1.
(d) Conformal spacelime immersions X˜′ : Σ→ L(κ2, H2) with constant
mean curvature H2.
If we call g the pullback metric by X in Σ, then X′ also induces the same
metric on Σ, and both X˜ and X˜′ induce the metric ν2g on Σ, so the cor-
respondence between the above items (c) and (d) is also isometric, giving
a Lorentzian analogue of Daniel correspondence, see also Palmer’s ap-
proach [37].
The moral of Remark 3.6 is that the conformal theory of constant mean
curvature surfaces in the cases (a), (b), (c) and (d) is essentially the same,
and yields a beautiful correspondence for holomorphic quadratic differ-
entials and harmonic maps in quite different geometric contexts, e.g., the
following harmonic functions are related via this 4-sided correspondence
(up to conformal diffeomorphisms):
• The classical Gauss map for surfaces with mean curvature 12 in L3,
which takes values in the hyperbolic plane in a natural way.
• The classical hyperbolic Gauss map for maximal surfaces in the
anti-de Sitter space H31(− 12 ), see [27, 25] and the references therein.
• The left-invariant Gauss map of minimal surfaces in Nil3( 12 ), see [9].
• The hyperbolic Gauss map of mean curvature 12 surfaces inH2×R,
see [14].
More information about these Gauss maps can be found in [10]. On
the other hand, the holomorphic quadratic differentials associated with
these harmonic maps also coincide, namely the Hopf differential of con-
stant mean curvature in L3 or H31(κ), and the Abresch-Rosenberg differ-
ential [1] of minimal surfaces in Nil3(τ) or mean curvature 12
√−κ surfaces
in H2(κ)×R. In [10] the whole family of harmonic Gauss maps of critical
mean curvature surfaces in E(κ, τ) is studied, though this becomes trans-
parent via the duality since all of them correspond to the classical Gauss
map in L3 or the hyperbolic Gauss map in H31(κ).
4. Estimates for entire minimal graphs in Heisenberg space
The main goal of this section is to illustrate how we can translate a
Lorentzian property into the Riemannian setting, namely we will obtain
gradient estimates for entire minimal graphs in Nil3(τ) following the ar-
guments in [31].
Cheng and Yau [7] proved that the support function Φ(x, y, z) = x2 +
y2 − z2 satisfies the following gradient estimate in a complete spacelike
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surface in L3:
‖∇̂Φ‖2 ≤ C(1 +Φ)2 ≤ C(1 + r2)2, (4.1)
for some constant C > 0, where ∇̂ denotes the gradient in the surface and
r = (x2 + y2)1/2 is the distance to the origin in the base surface R2. Since
the surface is an entire graph by Lemma 3.1, we can parameterize it as
Fv for some v ∈ C∞(R2). The gradient in (4.1) can be worked out as the
tangent part of the ambient gradient ∇Φ, so we deduce that
‖∇̂Φ‖2 = ‖∇Φ‖2 + 〈∇Φ, N〉2 ≥ 〈∇Φ, N〉2 = 4(v− xvx − yvy)
2
1− |∇v|2 , (4.2)
where N = (1− |∇v|2)−1/2(vx∂x + vy∂y + ∂z) is the upward-pointing unit
normal to the surface, and ∇v is the usual gradient in R2.
Lemma 4.1. Let Fv be an entire spacelike graph in L3 with positive constant
mean curvature. Then there is a constant A > 0 such that
|∇v|2 ≤ 1− A
(1 + r2)2
.
Proof. In view of (4.1) and (4.2), it will be enough to show that there is a
constant M > 0 such that (v − xvx − yvy)2 ≥ M whenever x2 + y2 > 1.
First, we can apply a translation in L3 such that the origin lies in the
surface, but no straight line through the origin is contained in the surface.
Were this not possible, the surface would be ruled, and then the surface
would be a hyperbolic cylinder, see [13], i.e., up to an isometry of L3 the
surface would be given by v(x, y) = 12H
√
1 + 4H2x2, and the statement
follows. In order to estimate w = v − xvx − yvy, we will use the fact
that the surface is the boundary a convex set as proved by Treibergs [38].
Hence, up to a mirror reflection with respect to z = 0, we can also assume
that v is a convex function.
Observe that the intersection of the z-axis and the tangent line to the
surface at (x, y, v) in the direction of the tangent vector (x, y, xvx + yvy)
is precisely the point (0, 0, w). Since the surface is convex and does not
contain a line through the origin, we get that
w(x, y) ≤ w
(
x√
x2 + y2
,
y√
x2 + y2
)
< 0, if x2 + y2 ≥ 1. (4.3)
Since w is continuous and the unit circle is compact, the existence of the
desired constant M follows from equation (4.3). 
Theorem 4.2. Let Fu be an entire minimal graph in Nil3(τ).
(a) There exists a constant B > 0 such that |Gu| ≤ B(1 + r2),
(b) There exists a constant C > 0 such that |u| ≤ C(1 + r2)3/2.
Proof. The dual graph Fv is an entire spacelike graph in L3 with constant
mean curvature τ. Since these surfaces have reciprocal angle functions,
from Lemma 4.1 we get that there exists A > 0 such that 1 + |Gu|2 =
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(1− |∇v|2)−1 ≤ A−1(1 + r2)2 < 1 + A−1(1 + r2)2, and we get item (a) by
just taking B = A−1/2.
Applying the Minkowski inequality to the expression ∇u = Gu − Z,
where Z = −τy∂x + τx∂y, we get that |∇u| ≤ |Gu|+ |Z| ≤ B(1 + r2) + τr.
Hence |∇u| grows at most quadratically in r, from where it is easy to see
that there exists a constant C > 0 satisfying item (b). 
Let Fu in E(κ, τ) and Fv in L(κ, τ) be dual graphs over a domain Ω ⊂
M2(κ). It follows from (2.13) that the absolute value of the determinant
of the Jacobian of pi : E(κ, τ) →M2(κ) or pi : L(κ, τ) →M2(κ) restricted
to Fu or Fv coincides with the angle function ν or ν˜. Using the change of
variables formula, if f is a positive measurable function on Ω, we get that∫
Fu
( f ◦ pi)ν =
∫
Ω
f =
∫
Fv
( f ◦ pi)ν˜. (4.4)
In particular, the area of Ω is equal to the integral of ν or ν˜ over the
surface. In the particular case of minimal graphs in Nil3(τ), this implies
that ν is not integrable since R2 has infinite area. The estimates given by
Theorem 4.2 show that ν is not square integrable either.
Corollary 4.3.
(a) The angle function of an entire minimal graph in Nil3(τ) is not square-
integrable.
(b) An entire graph with positive constant mean curvature in L3 has infinite
area.
Proof. Plugging f ◦ pi = ν in Equation (4.4), it will be enough to show that
ν is not integrable in Ω. By means of Theorem 4.2, we get that ν = (1 +
|Gu|2)1/2 ≤ B′(1 + r2) for some B′ > 0. Integrating in polar coordinates in
a disk DR ⊂ R2 of radius R centered at the origin, we get that∫
DR
ν =
∫
DR
1√
1 + |Gu|2 ≥
∫ R
0
2pir dr
B′(1 + r2)
.
Since the last integral diverges, we are done. 
5. Other results
5.1. Behaviour with respect to isometries. Lee showed that translating
and rotating a surface in Nil3(τ) corresponds to translating and rotating
the dual surface in L3, respectively [20]. Here we will present this result
from a more abstract point of view that applies to all E(κ, τ)-spaces (and
also works in the Killing submersion setting). Problems related to the
congruence of dual surfaces have been already treated in the literature,
see [4, 18].
Let Iso+(E(κ, τ), ξ) be the group of direct isometries of E(κ, τ) preserv-
ing the unit Killing vector field ξ and the orientation. It is worth pointing
out that, if κ − 4τ2 6= 0, then any isometry T of E(κ, τ) satisfies T∗ξ = ±ξ,
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whereas any isometry is direct if τ 6= 0. The group Iso+(L(κ, τ), ξ) is de-
fined likewise. We are not considering the case T∗ξ = −ξ due to the fact
that such isometries change the sign of the mean curvature of the graphs.
For any T ∈ Iso+(E(κ, τ), ξ), there is a direct isometry h ∈ Iso+(M2(κ))
such that the following diagram is commutative
E(κ, τ) E(κ, τ)
M2(κ) M2(κ)
T
pipi
h
This association is a group morphism Iso+(E(κ, τ), ξ) → Iso+(M2(κ))
whose kernel is the subgroup of vertical translations. Conversely, given
h ∈ Iso+(M2(κ)), there is T ∈ Iso+(E(κ, τ), ξ) making the diagram com-
mutative, and such a T is unique up to vertical translations. The proof
of these results can be found in [29], and similar arguments work in the
Lorentzian setting. Therefore we can define a bijective map
R : Iso+(E(κ, τ), ξ)→ Iso+(L(κ, τ), ξ),
such that, for each T ∈ Iso+(E(κ, τ), ξ), the image R(T) is the only isom-
etry in Iso+(L(κ, τ), ξ) that projects to the same isometry in Iso+(M2(κ))
as T, and such that R(T)(0, 0, 0) = T(0, 0, 0).
Proposition 5.1. Let X : Σ→ E(κ, τ) and X˜ : Σ→ L(κ, H) be dual conformal
immersions, and let T ∈ Iso+(E(κ, τ), ξ). Then T ◦ X and R(T) ◦ X˜ are dual
conformal immersions.
Proof. Let h ∈ Iso+(M2(κ)) the isometry to which both T and R(T) project
in the base surface. Since the computation can be localized, let us assume
that X and X˜ are given as graphs Fu and Fv over a simply connected do-
main Ω ⊂ M2(κ). Let Fu and Fv be the graphs over h(Ω) associated to
T ◦ Fu and R(T) ◦ Fv, respectively. From Equation (2.14), where N is a unit
normal to Fu, and the fact that T∗N is an unit normal to Fu, the condition
pi ◦ T = h ◦ pi allows us to work out
Gu√
1 + ‖Gu‖2 = pi∗(T∗N) = h∗(pi∗N) =
h∗Gu√
1 + ‖Gu‖2 . (5.1)
Taking squared norms in (5.1), we easily reach ‖Gu‖ = ‖Gu‖ via the
isometry h. We deduce that Gu = h∗Gu, and likewise we can check that
G˜v = h∗G˜v. Therefore it suffices to apply h∗ to Equation (2.8) to realize
that Fu and Fv also satisfy the same twin relations, so they are dual graphs.

Nonetheless, not all the isometries preserve the Killing vector field, and
there are cases where this situation becomes specially interesting. In the
case the surface has critical constant mean curvature, the dual surface
lies in a space form, whose isometry group has dimension 6 (two extra
dimensions of isometries not preserving the Killing direction). This leads
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to non-trivial 2-parameter deformation of critical mean curvature surfaces.
More precisely:
(1) There is a 2-parameter deformation of constant mean curvature H
surfaces in E(κ, τ) with κ + 4H2 = 0. It corresponds to hyperbolic
and parabolic rotations in L3 or in the anti-de Sitter space H31(κ).
(2) There is a 2-parameter deformation of spacelike constant mean cur-
vature H surfaces in L(κ, τ) with κ − 4H2 = 0. It corresponds to
rotations with respect to non-vertical axes in R3 or in the round
sphere S3(κ).
Proposition 5.1 shows that the above items 1 and 2 reflect all possible non
trivial actions of isometries.
5.2. Hessian equations. Here we will present a classical way of construct-
ing solutions to the Hessian-one equation fxx fyy − f 2xy = 1 in Euclidean
plane by means of solutions to the minimal surface equation in R3 (or,
equivalently, solutions to the maximal surface equation in L3). The tech-
nique we will explain below, was pointed out by Calabi [5], though the
same ideas had already been used before. For instance, the same argu-
ments were applied by Osserman [36] to classify all entire minimal 2-
dimensional graphs of the form (x, y, f (x, y), g(x, y)) in R4, see [22]. Also
Nitsche [35], following Heinz’ idea, solved the classical Bernstein problem
in R3 by means of entire solutions to the Hessian-one equation.
Lemma 5.2. Let Fu be a graph in E(κ, τ) with mean curvature H, not necessarily
constant. Then:
1
λ2κ
[(
λ2κ(1 + α2)
ω
)
y
−
(
λ2καβ
ω
)
x
]
=
2τα
ω
− 2Hβ+ (λκ)y
λκ
1 +ω2
ω
,
1
λ2κ
[(
λ2κ(1 + β2)
ω
)
x
−
(
λ2καβ
ω
)
y
]
= −2τβ
ω
− 2Hα+ (λκ)x
λκ
1 +ω2
ω
.
Proof. It is a long but straightforward computation to check that the fol-
lowing formulas hold true (it suffices to do the derivatives in the lhs in
terms of u and gather the resulting terms, taking into account that the
second-order terms must be collected into H):(
1 + α2
ω
)
y
−
(
αβ
ω
)
x
=
2τα
ω
− 2Hβ− κ λκ
ω
(
xαβ− y2 (α2 − β2)
)
,(
1 + β2
ω
)
x
−
(
αβ
ω
)
y
= −2τβ
ω
− 2Hα− κ λκ
ω
( x
2 (α
2 − β2) + yαβ) . (5.2)
Since the derivatives of λκ satisfy (λκ)x = − κ2 xλ2κ and (λκ)y = − κ2 yλ2κ, we
can use them to eliminate x and y in (5.2) and reach the following two
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identities:(
1 + α2
ω
)
y
−
(
αβ
ω
)
x
=
2τα
ω
− 2Hβ+ 2 (λκ)x
λκ
αβ
ω
− (λκ)y
λκ
α2 − β2
ω
,(
1 + β2
ω
)
x
−
(
αβ
ω
)
y
= −2τβ
ω
− 2Hα+ (λκ)x
λκ
α2 − β2
ω
+ 2
(λκ)y
λκ
αβ
ω
.
The identities in the statement follow from grouping the different deriva-
tives. 
The formulas in the statement may seem artificial, but their lhs are re-
lated to div(Je1) and div(Je2), where {e1, e2} is the frame given by Equa-
tion (2.12), the divergence is computed in M2(κ), and J is a pi2 -rotation in
the tangent bundle.
If κ = τ = H = 0, then λκ ≡ 1 and the aforementioned formulas have
been obtained in the literature by means of different techniques, see [36,
23]. From Lemma 5.2 we get that(
1 + α2
ω
)
y
−
(
αβ
ω
)
x
= 0,(
1 + β2
ω
)
x
−
(
αβ
ω
)
y
= 0.
(5.3)
If u is defined on a simply-connected domain Ω ⊆ R2, then Poincaré’s
Lemma guarantees the existence of g, h ∈ C∞(Ω) such that (5.3) gives
1 + α2
ω
= gy,
αβ
ω
= gx,
1 + β2
ω
= hy,
αβ
ω
= hx. (5.4)
Now the second and third equations in (5.4) imply that gx = hy, so again
Poincaré’s Lemma yields the existence of f ∈ C∞(Ω) such that g = fy and
h = fx. Thus, the identities in (5.4) can be rewritten as
fyy =
1 + α2
ω
, fxy =
αβ
ω
, fxx =
1 + β2
ω
.
and hence the function f satisfies
fxx fyy − f 2xy =
1 + β2
ω
· 1 + α
2
ω
− α
2β2
ω2
= 1.
Remark 5.3. There are further relations that connect these equations with
others that will not be explored here. As a sample, any solution of fxx fyy−
f 2xy = 1 satisfies the property that the gradient map (x, y) 7→ (x, y, fx, fy)
is a parametrization of a minimal surface in R4, or equivalently, a special
Lagrangian surface in C2 or a holomorphic curve in C2 for some complex
structure, see [22].
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6. Open questions
In this last section, we will pose three questions that arose in the above
discussions, and that could be of interest in a further development of twin
correspondences.
Question 6.1. Let M be a Riemannian surface, and let H ∈ C∞(M) be an
arbitrary function (with
∫
M H = 0 if M is compact). If pi : L → M is a
Lorentzian Killing submersion over M whose fibers have infinite length, is there
an entire graph in L with prescribed mean curvature H?
This question is equivalent (if M is simply connected) to that of finding
entire minimal graphs in a Riemannian Killing submersion over M with
prescribed bundle curvature, see [24], and the author conjectures that the
solution to Question 6.1 is affirmative. This is the case provided that the
base surface is a sphere (even if the Killing vector field is non-unitary),
see [26]. Nonetheless, this question remains unsolved in the case of the
Lorentz-Minkowski space L3. The condition of fibers with infinite length
ensures that the submersion admits entire sections.
Question 6.2. Calabi associated solutions of the minimal surface equation in R3
with solutions of the Hessian-one equation. Is it possible to generalize this idea
to associate solutions of the constant mean curvature equation in E(κ, τ) with
solutions to another natural non-linear pde?
Question 6.3. Let Σ be a constant mean curvature surface inR3 which is a graph
over a plane with zero boundary values and intersecting the plane orthogonally,
and let us consider the dual maximal surface in Nil13(τ). Is it always possible to
extend this surface as a zero mean curvature surface (not spacelike) beyond the
boundary of the domain?
In the cases we are able to work it out (see Examples 2.3 and 2.5), it
seems that the dual of such a surface is extended beyond the lightlike
boundary, so this property could be understood as a dual Schwarz reflec-
tion principle.
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